Abstract. We consider the orbit type filtration on a manifold with a locally standard torus action and study the corresponding spectral sequence in homology. When all proper faces of the orbit space are acyclic and the free part of the action is trivial, this spectral sequence can be described in full. The ranks of diagonal terms of its second page are equal to h -numbers of a simplicial poset dual to the orbit space. Betti numbers of a manifold with a locally standard torus action are computed: they depend on the combinatorics and topology of the orbit space but not on the characteristic function.
Introduction.
An action of a compact torus T n on a smooth compact manifold M of dimension 2n is called locally standard if it is locally modeled on the standard representation of T n on C n . The orbit space Q = M/T n is a manifold with corners. Every manifold with a locally standard torus action is equivariantly homeomorphic to the quotient construction X = Y /∼, where Y is a principal T n -bundle over Q and ∼ is the equivalence relation determined by the characteristic function on Q [13] .
In the case when all faces of the orbit space (including Q itself) are acyclic, Masuda and Panov [9] proved that H * These considerations generalize similar results for quasitoric manifolds, complete smooth toric varieties, and symplectic toric manifolds which were known before. One can see that there are many examples of manifolds M whose orbit spaces are acyclic. Nevertheless, several constructions have appeared in the last years providing natural examples of manifolds with torus actions whose orbit spaces have nontrivial topology. Among others, these constructions include toric origami manifolds [5] and toric log symplectic manifolds [7] .
T (M ;
It seems that the most reasonable assumption which is weaker than acyclicity of all faces but still allows for explicit calculations is as follows. We assume that every proper face of Q is acyclic, and Y is a trivial T n -bundle: Y = Q × T n (this condition may be replaced by homological triviality: H * (Y ) ∼ = H * (Q) ⊗ H * (T n )). This is the second paper in the series of works, where we study homological structure of M under these assumptions by using the orbit type filtration. In [1] we proved several technical results, which will be used in this work.
It is convenient to work with the quotient construction X = (Q × T n )/∼ instead of M . The orbit type filtration X 0 ⊂ X 1 ⊂ · · · ⊂ X n covers the natural filtration Q 0 ⊂ Q 1 ⊂ · · · ⊂ Q n on Q, and is covered by a filtration
n . Previously we proved that homological spectral sequences associated with filtrations on Y and X are closely related. More precisely, there is an isomorphism of the second pages f
p,q for p > q, when Q has acyclic proper faces. In this paper we compute the ranks of groups in the spectral sequence and the Betti numbers of X. Since Y is just the direct product Q × T n , the spectral sequence (E Y ) 1 p,q is an isomorphism for p > q, as follows essentially from the result of [1] . This gives a description of all differentials and all non-diagonal terms of (Ė X ) 1 * , * , which is stated in detail in Theorem 4.3. The diagonal terms of the spectral sequence are considered separately. We prove, in particular, that
, the h -number of the dual simplicial poset (Theorem 4.6). The proof is purely combinatorial and is placed in a separate Section 5, where we give all necessary definitions from the combinatorial theory of simplicial posets. The appearance of h -numbers here is quite natural. If Q has acyclic proper faces, the dual simplicial poset S Q is Buchsbaum. Recall that h -and h -numbers are combinatorial notions which were specially devised to study the combinatorics of Buchsbaum simplicial complexes.
In Section 6 we introduce the bigraded structure on H * (X) and compute the bigraded Betti numbers (Theorem 6.2). Bigraded Poincare duality easily follows from this computation.
Most of the arguments used for manifolds with locally standard actions work equally well for the space X = (P × T n )/ ∼ where P is the cone over Buchsbaum simplicial poset equipped with the dual face structure. In this case we have dim(E X ) ∞ q,q = h q (S) (Theorem 4.7). Every simplicial poset admits a characteristic function over rational numbers. Hence our theorem implies that h q (S) ≥ 0 for any Buchsbaum simplicial poset S. This result was proved by Novik and Swartz in [11] by a different method.
Both manifolds with acyclic proper faces and cones over Buchsbaum posets are unified in the notion of Buchsbaum pseudo-cell complex introduced in Section 2. The technique developed in the paper can be applied to any Buchsbaum pseudo-cell complex.
In the last section we analyze a simple example which shows that, when the assumption of proper face acyclicity is dropped, the problem of computing Betti numbers of X is more complicated. In general, Betti numbers of X may depend not only on the orbit space Q, but also on the characteristic function.
Preliminaries.
2.1. Coskeleton filtrations and manifolds with corners. Definition 2.1. A finite partially ordered set (poset in the following) is called simplicial if there is a minimal element0 ∈ S and, for any I ∈ S, the lower interval {J ∈ S | J ≤ I} is isomorphic to the poset of faces of a (k − 1)-simplex, for some number k ≥ 0.
The elements of S are called simplices. The number k in the definition is denoted by |I| and is called the rank of I. Also set dim I = |I| − 1. A simplex of rank 1 is called a vertex ; the set of all vertices is denoted Vert(S). The link of a simplex I ∈ S is the set lk S I = {J ∈ S | J ≥ I}. This set inherits the order relation from S, and lk S I is a simplicial poset on its own, with I being the minimal element. Let S denote the barycentric subdivision of S. By definition, S is a simplicial complex on the vertex set S \ {0} whose simplices are the ordered chains in S \ {0}. The geometric realization of S is the geometric realization of its barycentric subdivision |S| def = |S |. One can also think of |S| as a CW-complex with simplicial cells (such complexes were called simplicial cell complexes in [3] ). A poset S is called pure if all its maximal elements have equal dimensions. A poset S is pure whenever S is pure.
Let k denote the ground ring, which may be either Z or a field. The term "(co)homology of simplicial poset" means the (co)homology of its geometrical realization. If the coefficient ring in the notation of (co)homology is omitted, it is supposed to be k. The rank of a k-module A is denoted by dim A.
By abuse of terminology we call S a homology manifold of dimension n − 1 if its geometric realization |S| is a homology (n−1)-manifold. Simplicial poset S is a homology manifold if and only if it is Buchsbaum and, moreover, its local homology stack of highest degree is isomorphic to a constant sheaf (the details are discussed in [1] ).
If S is Buchsbaum and connected, then S is pure. In the following we consider only pure posets, and assume dim S = n − 1. Construction 2.3. For any pure simplicial poset S, there is an associated space P (S) = Cone|S| endowed with the dual face structure (also called coskeleton structure), defined as follows. The complex P (S) is a simplicial complex on the set S and k-simplices of P (S) have the form (I 0 < I 1 < · · · < I k ), where I j ∈ S. For each I ∈ S consider the subsets:
and the subset G • I = G I \ ∂G I . We have G0 = P (S); G I ⊂ G J whenever J < I, and dim G I = n − |I|, since S is pure. The subset G I is called the dual face of a simplex I ∈ S. A subset ∂G I is a union of faces of smaller dimensions.
Recall several facts about manifolds with corners. A smooth connected manifold with corners Q is called nice (or a manifold with faces) if every codimension k face lies in exactly k distinct facets. In the following we consider only nice compact orientable manifolds with corners. Any such Q determines a simplicial poset S Q whose elements are the faces of Q ordered by reversed inclusion. The whole Q is the maximal face of itself, thus represents the minimal element of S Q . If Q is a Buchsbaum manifold with corners, then its underlying simplicial poset S Q is Buchsbaum (moreover, S Q is a homology manifold), and when Q is Cohen-Macaulay, then so is S Q (moreover, S Q is a homology sphere) by [1, Lemma 6.2].
Buchsbaum pseudo-cell complexes.
It is convenient to introduce a notion generalizing both manifolds with corners and cones over pure simplicial posets.
A (regular finite) pseudo-cell complex Q is a space which is a union of an expanding sequence of subspaces Q k such that Q −1 is empty and Q k is the pushout obtained from Q k−1 by attaching finite number of k-dimensional pseudo-cells (F, ∂F ) along injective attaching CW-maps ∂F → Q k−1 . We assume that the boundary of each pseudo-cell is a union of lower dimensional pseudo-cells. The poset of pseudo-cells, ordered by the reversed inclusion is denoted by S Q . The abstract elements of S Q are denoted by I, J, etc. and the corresponding pseudo-cells considered as subsets of Q are denoted by F I , F J , etc.
A pseudo-cell complex Q, of dimension n is called simple if S Q is a simplicial poset of dimension n − 1 and dim F I = n − |I| for any I ∈ S Q . In particular, the space Q itself represents the maximal pseudo-cell, Q = F0. Pseudo-cells of a simple pseudo-cell complex Q will be called faces, faces different from Q-proper faces, and maximal proper faces-facets. Facets correspond to vertices of S Q .
Nice manifolds with corners and cones over simplicial posets stratified by dual faces are examples of simple pseudo-cell complexes. Simple polytopes are the examples which may be considered as both cones over simplicial poset and manifolds with corners.
Every regular finite CW-complex Q is a pseudo-cell complex. If Q has more than one maximal cell, then Q is an example of non-simple pseudo-cell complex. Definition 2.6. A simple pseudo-cell complex Q is called Buchsbaum (over k) if, for any proper face F I ⊂ Q, I =0, the following conditions hold:
Buchsbaum complex Q is called Cohen-Macaulay (over k) if these two conditions also hold for the maximal face F0 = Q.
Both Buchsbaum manifolds and cones over Buchsbaum posets are examples of Buchsbaum pseudo-cell complexes (and the same for Cohen-Macaulay property). Indeed, for Buchsbaum manifolds with corners H * (F I ) vanishes by definition, and H * (F I , ∂F I ) vanishes in the required degrees by the Poincare-Lefschetz duality, since every face F I is an orientable manifold with boundary. In the cone case we have G I = Cone(∂G I ) and ∂G I ∼ = |lk S I|, so the conditions of Definition 2.6 follow from the isomorphism
On the other hand, the converse holds. If Q is a manifold with corners, having non-acyclic proper faces, or a cone over non-Buchsbaum simplicial poset, then Q is a non-Buchsbaum simple pseudo-cell complex.
For a general simple pseudo-cell complex we have the filtration
and the truncated filtration
where Q j is the union of j-dimensional faces. The homological spectral sequences associated with these filtrations are denoted by (E Q ) Thus all homological information about Buchsbaum pseudo-cell complex Q away from its maximal cell is encoded in the underlying poset S Q . This makes Buchsbaum pseudo-cell complexes and in particular Buchsbaum manifolds with corners natural candidates for study.
Spectral sequence of Q.
3.1. Truncated and non-truncated spectral sequences. In Buchsbaum case the spectral sequence (E Q ) r p,q can be described explicitly. We
r p−r,q+r−1 , and
By the definition of Buchsbaum pseudo-cell complex we have (E Q ) 1 p,q = 0 unless q = 0 or p = n. Such form of the spectral sequence will be referred to as -shaped.
By forgetting the last term of the filtration we get the spectral sequence (E ∂Q ) r p,q ⇒ H p+q (∂Q), whose terms vanish unless q = 0. Thus (E ∂Q ) r p,q collapses at a second page, giving the isomorphism (E ∂Q )
In the non-truncated case we have (E Q )
1 which hit it at the previous step. Similarly, the term (E Q ) 2 n,0 is the kernel of the same differential. To avoid mentioning these two exceptional cases every time in the following, we introduce the formalism of modified spectral sequence.
Modified spectral sequence.
Let (Ė Q ) 1 * , * be the collection of k-modules defined by
It is easily seen that the bigraded homology module
In the latter case, the image of the differential lies in (Ė Q )
. These considerations are shown on the diagram:
in which the dotted arrows represent passing to homology. To summarize: Figure 1 . The shape of the spectral sequence.
The only nontrivial differentials of this sequence have the form
for r ≥ 1 (see Figure 1 ).
The differentials have distinct domains and targets. Thus the whole spectral sequence (E Q ) r p,q ⇒ H p+q (Q) folds into a single long exact sequence, which is isomorphic to the long exact sequence of the pair (Q, ∂Q):
In particular, the differentials ( 4. Quotient construction and its spectral sequence.
Quotient construction.
Let T n denote the compact torus, and Λ * be its homology algebra, Λ * = n j=0 Λ j , Λ j = H j (T n ; k). Let Q be a simple pseudo-cell complex of dimension n, and S Q be its dual simplicial poset. The map
is called a characteristic function if the following condition (so called ( * )-condition) holds: whenever i 1 , . . . , i k are the vertices of some simplex in S Q , the map It follows from the ( * )-condition that the map
is injective and splits for every k. If the map (4.2) splits for a specific ground ring k, we say that λ satisfies ( * k )-condition and call it a k-characteristic function. It is easy to see that the topological ( * )-condition is equivalent to ( * Z ), and that ( * Z ) implies ( * k ) for any k. 
The filtration X 0 ⊂ X 1 ⊂ · · · ⊂ X n = X is the orbit type filtration on X. This means that X i is the union of all torus orbits of dimension at most i. We have dim X i = 2i. We will use the following notation
for I ∈ S Q . Note that ∂X I does not have the meaning of topological boundary of X I , this is just a notational convention. Since ∂Q = Q n−1 , we have 
for r ≥ 1 by Kunneth's formula. Similarly,
Modified spectral sequences.
Absolutely similar to the case of Q, we introduce the modified spectral sequences (Ė Y ) * , * and (Ė X ) * , * . Consider the bigraded module:
and define the differentials d 
It is easy to see that (Ė
The same construction applies to X and gives the spectral sequence (Ė X )
r * , * for r ≥ 2. The map f induces the map of modified spectral sequences:
By dimensional reasons the homological spectral sequence (E X ) r p,q ⇒ H p+q (X) (and hence its modified version) has an obvious vanishing property: 
is an isomorphism for q < p < n and injective for q = p < n. Note that in [1] we considered manifolds with corners, but the argument used there can be applied to any Buchsbaum pseudo-cell complex without significant changes.
As for the case p = n, the map
n,q is an isomorphism since the identification ∼ does not touch the interior of Y , and therefore,
This proposition together with (4.4) and Proposition 3.2 provides a complete description of differentials and non-diagonal terms of (Ė X ) r * , * . 
(2) There exist injective mapsḟ
Remark 4.4. We can weaken the condition of triviality Y ∼ = Q × T n , and require only the homological triviality, namely that (4.3) holds for Y . All results of the paper hold in this generality. In [1] we proved that f
2 * , * are isomorphisms if q < p and injective for q = p for any principal T n -bundle Y over Q. So one can describe the structure of (E X ) * * , * if the structure of (E Y ) * * , * is known. The problem is that there is no uniform description of (E Y ) * * , * when Y is a general T n -bundle. We have such description when Y is homologically trivial, and this was the main reason to introduce this assumption.
Note that if Q is an orientable manifold with boundary, the condition 
Theorem 4.6. Let Q be a Buchsbaum manifold with corners and X = (Q×T n )/∼. Then:
For the cone over Buchsbaum simplicial poset, the diagonal components of the ∞-page also have a clear combinatorial meaning.
Theorem 4.7. Let S be a Buchsbaum simplicial poset, P = P (S) be the cone over its geometric realization, and
Proof. For any simplicial poset S there exists a characteristic function on P = P (S) over Q. Thus we can consider the space X = (P × T n )/∼ and apply Theorem 4.7.
Face vectors and ranks of diagonal components.
In this section we prove Theorems 4.5, 4.6 and 4.7.
Preliminaries on face numbers.
First recall several standard definitions from combinatorial theory of simplicial posets.
Construction 5.1. Let S be a pure simplicial poset, dim S = n − 1. Let f i (S) be the the number of i-dimensional simplices in S and, in particular, f −1 (S) = 1 (the element0 ∈ S has dimension −1). The array (f −1 , f 0 , . . . , f n−1 ) is called the f -vector of S. We write f i instead of f i (S) since the poset is always clear from the context. Let f S (t) be the generating polynomial: f S (t) = i≥0 f i−1 t i . The h-numbers are determined by the formula:
where t is a formal variable. Let
, and
Thus f S (−1) = 1 − χ(S). Note that
2)
The h -and h -numbers of S are defined by the formulas
and h n = h n . The sum over an empty set is assumed zero. It follows from (5.2) that
(Dehn-Sommerville relations). For a homology manifold S there holds
The Taylor expansion of f S (t) at −1 has the form:
which completes the proof.
Remark 5.5. If S is a homology manifold, then Proposition 5.4 implies
which is yet another equivalent form of Dehn-Sommerville relations (5.4).
Lemma 5.6. For Buchsbaum poset S there holds
Proof. Substitute t/(1 − t) in Proposition 5.4 and apply (5.1).
Comparing the coefficients of t i in the identity of Lemma 5.6 we get: 
Proof. By Proposition 2.7 there is an isomorphism of spectral sequences
Thus, in particular, for any I ∈ S Q \ {0}, |I| = n − p we have an isomorphism
where G I is the face of P (S Q ) dual to I. The last isomorphism in (5.8) is due to the long exact sequence of the pair (G I , ∂G I ), since G I = Cone(∂G I ) and ∂G I ∼ = lk S Q I. For p < n we have
We have
In the last equality we applied (5.8) and the definition of f -numbers. Therefore, 
